Allometry relations (ARs) in physiology are nearly two hundred years old. In general if X ij is a measure of the size of the i th member of a complex host network from species j and Y ij is a property of a complex subnetwork embedded within the host network an intraspecies AR exists between the two when Y ij = aX b ij . We emphasize that the reductionist models of AR interpret X ij and Y ij as dynamic variables, albeit the ARs themselves are explicitly time independent. On the other hand, the phenomenological models of AR are based on the statistical analysis of data and interpret X i and Y i as averages over an ensemble of individuals to yields the interspecies AR Y i = a X i b . Modern explanations of AR begin with the application of fractal geometry and fractal statistics to scaling phenomena. The detailed application of fractal geometry to the explanation of intraspecies ARs is a little over a decade old and although well received it has not been universally accepted. An alternate perspective is given by the interspecies AR based on linear regression analysis of fluctuating data sets. We emphasize that the intraspecies and interspecies ARs are not the same and show that the interspecies AR can only be derived from the intraspecies one for a narrow distribution of fluctuations. This condition is not satisfied by metabolic data as is shown separately for aviary and mammal data sets. The empirical distribution of metabolic allometry coefficients is shown herein to be Pareto in form. A number of reductionist arguments conclude that the allometry exponent is universal, however herein we derive a deterministic relation between the allometry exponent c 2012 Diogenes Co., Sofia pp. 70-96 , DOI: 10.2478/s13540-012-0006-3 FRACTIONAL DYNAMICS OF ALLOMETRY 71 and the allometry coefficient using the fractional calculus. The co-variation relation violates the universality assumption. We conclude that the interspecies physiologic AR is entailed by the scaling behavior of the probability density, which is derived using the fractional probability calculus.
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Introduction
Large animals live longer than small ones, their hearts beat more slowly, their breathing is more measured, and they roam over larger ranges. These properties and more are a consequence of size and motivated the formulation of an area of investigation called allometry and allometry relations (ARs). Herein we examine the empirical links within complex physiologic phenomena between size and certain functions and address the limitations of the models used to interpret these links. Grenfell et al. [16] among others point out that biologists have described many such relationships linking body size of multiple species to rates of physiological processes interconnecting more than 21 orders of magnitude of total body mass (TBM) [30] . Over the course of the two centuries since the first AR was identified [5] such interdependency became known as allometry, literally meaning by a different measure and such links have been identified in nearly every scientific discipline. Allometry has acquired a mathematical description through its relations along with a number of theoretical interpretations to account for its mathematical form. However no one theory has been accepted as successfully explaining ARs in their many guises. In fact no one theory has been accepted in even the more restricted domain of physiology that we use as an exemplar in this paper.
Allometry has been defined as the study of body size and its consequences [15, 43] both within a given organism and between species within a given taxon. Like many other fundamental ideas in science the significance of size can be traced back to Galileo who recognized that in order for an organism or physical structure to retain a constant function as size increases requires its shape (architecture) and/or the materials with which it is constructed to change. The generic equation of interest interrelates two observables in a complex phenomena X ij and Y ij , where the first index j denotes an individual and the second index i denotes a species, at least one of which is a measure of size. In a living network this measure of size is taken to be TBM and the theoretical or intraspecies AR is
The variable on the right in the theoretical AR by convention is the measure of size. The allometry coefficient a and allometry exponent b are historically taken to be empirical constants, but a number of reductionist theories have attempted to derive specific values of the allometry exponent. Allometry laws in the life sciences, as stressed by Gould [15] , fall into two distinct groups. The intraspecies AR relates a property of an organism within a species to its TBM M ij = X ij in Eq. (1) . The interspecies AR relates a property across species such as the average basal metabolic rate (BMR B ij ) to average TBM [4, 46] . Using the above notation the average size of the species i, such as average TBM, is
and the average function for the species i, such as BMR, is
so that the interspecies AR is written in general as
These two kinds of AR are distinctly different from one another and the models developed to determine the theoretical forms of the allometry coefficient a and exponent b in the two cases are quite varied. Note that both ARs are traditionally expressed with the indices suppressed, so that both M ij and M i are usually written as M , occasionally resulting in confusion between the two forms of the ARs. Equations (1) and (4) look very much like the scaling relations that have become so popular in the study of complex networks over the last decade [1, 36, 52, 58] . Historically the nonlinear nature of these equations has precluded their direct fitting to data, see Section 2. A logarithmic transformation is traditionally made and a linear regression on intraspecies data of the equation
or on interspecies data of the equation
to yield estimates of the parameters a and b. In Section 2 we discuss the fitting of ARs to data and find a great deal of variability. This variability is the underlying reason for being so pedantic in the presentation of the two forms of AR. Linear regression analysis focuses on the conditional probability distribution of B given M and is often used to quantify the strength of the relation between the two variables or for forecasting. This is the interpretation that is often implicitly assumed in the data analysis to determine the AR. However the fact that M and B are measured independently indicates that this interpretation of linear regression is not appropriate for the data analysis using Eq. (5) or (6) . The independent measurements suggests that it is more appropriate to address the joint probability distribution for bivariate analysis of the data. We explore this and related statistical questions in Section 2.
Sir Julian Huxley [21] ; grandson of the Huxley of Darwin evolution fame, bother of the novelist Aldous (Brave New World) and half-brother of the biophysicist Andrew (the Hodgkin-Huxley equations); proposed that two parts of the same organism have proportional rates of growth. This was the first dynamic 'theory' proposed to explain the form of the intraspecies AR. Huxley suggested that if Y ij is a living subnetwork observable from the j th member of the i th species with growth rate γ and X ij is a measure of the size of a living host network from the j th member of the i th species with growth rate ϑ then the fractional increase in the two is denoted by
This equation can be directly integrated to obtain the time-independent intraspecies AR given by Eq. (1) where a and b (= γ/ϑ) are empirically determined. Today Huxley's argument may appear naive, but it must be borne in mind that the ARs are a peculiar form of relation. By peculiar we mean that the quantities on the two sides of the equation are independently measured and the form of the AR is assumed. Even the form of the logarithmically transformed equations that are used to fit the allometry parameters to data using least-square error analysis are often misinterpreted in terms of dependent and independent variables. Consequently assuming a dynamic equation of the form Eq. (7) to underlie allometry has dramatic biological implications for growth [21] .
Modern explanations of AR begin with the application of fractal geometry and fractal statistics to scaling phenomena. The detailed application of fractal geometry to the explanation of intraspecies ARs is a little over a decade old and although well received it has not been universally accepted.
An alternate perspective is given by the interspecies AR based on linear regression analysis of fluctuating data sets as discussed in Section 2. We emphasize that the intraspecies and interspecies ARs are not the same and show that the interspecies AR can only be derived from the intraspecies one for a narrow distribution of fluctuations. This condition is not satisfied by metabolic data as is shown separately for aviary and mammal data sets. The empirical distribution of metabolic allometry coefficients is shown in Subsection 2.2 to be Pareto in form. A number of reductionist arguments conclude that the allometry exponent is universal, however in Section 3 we derive a deterministic relation between the allometry exponent and the allometry coefficient using the fractional calculus. The co-variation relation derived in Subsection 3.2 is shown in 3.3 to violate the universality assumption. Section 4 concludes that the interspecies physiologic AR is entailed by the scaling behavior of the probability density, which is derived using the fractional probability calculus.
Data statistics
The phenomenology of analyzing AR measurement using statistics is discussed in this section; collecting data, identifying patterns (laws) in the data and developing methods of statistical analysis. Warton et al. [51] point out that fitting a line to a bivariate data set is not a simple task and the AR literature is filled with debate over the proper methodology. Huxley readily adopted the statistical approach of linear regression to Eq. (6) on multiple data sets to determine the allometry coefficient a and exponent b. The sophisticated statistical techniques such as principle component analysis were not available to Huxley and although they can be found in the modern AR literature least-square regression still appears to be the method of choice [12, 45] .
We examine the phenomenology of the random data from measurements of various properties of allometry networks that determine empirical ARs. In particular we focus on how allometry coefficients and exponents are interpreted given that the data on which they are based have such large fluctuations. A significant number of scientists adopt the viewpoint that fluctuations reflect lack of control and/or ignorance about what is being measured. Here we adopt the more sympathetic view that networks are generically random because they are dynamic and complex in which case statistics provide information about the fundamental nature of that complexity.
Different kinds of fluctuations
All complex dynamic networks are stochastic, either due to intrinsic nonlinear dynamics producing chaos [26, 27, 38] , or due to coupling of the network to an infinite dimensional albeit unknown environment [25] , or both; completely aside from measurement errors. Consequently, it is necessary to understand how statistical uncertainty may be included in modeling allometry data. Kaitaniemi [22] pointed out that the potential information content of the allometry coefficient has been largely neglected, an observation also made by Glazier [12] among others. Kaitaniemi examined the different ways this parameter may vary for different sources of random fluctuations. Here we follow a similar strategy using empirical data rather than computer generated random fluctuations.
The independent measurements of the quantities Y and X make the existence of an AR connecting the two quite remarkable. In this section the non-indexed variables denote either the single or double indexed quantities. The AR requires a careful analysis of the fluctuations that are observed in the data. The normal pdf suggests that the statistical variations between the variables in the allometry relation Eq. (4) may be additive leading some scientists [10, 28, 48] to propose the form
where η depicts the random fluctuations in the fitting. Packard and Boardman [39] also investigate the regression of data to a three-parameter power law that does not pass through the origin
In the near isometry case where b ≈ 1 the assumption is made that linear regression analysis is appropriate and additive fluctuations provide a satisfactory representation of the statistical variability. A misinterpretation of ARs that is often made in using linear regression analysis is that the two quantities are causally related with the independent variable being X and the dependent variable being Y . In the absence of a theory relating the two variables there is no a priori reason for making this assumption since the variables are measured independently and subsequently related.
Packard and Boardman [39] emphasize that the additive form of fluctuations in ARs is quite different from the situation involving the logarithmically transformed data. For the transformed data introducing additive random fluctuations yields log Y = log a + b log X + η (10) and the empirical constants a and b are fit to the transformed data. Equation (10) suggests using linear regression to analyze the influence of the fluctuations on the transformed data, but here again it must be borne in mind that the familiar interpretation in terms of dependent and independent variables in not appropriate. No reductionist theory has been proposed that would justify a causality interpretation of the AR. Statistically we can interpret Eq. (10) in terms of the original AR as
with the species-specific fluctuations being exponentially amplified through e η . It is evident that when the fluctuations are considered to be solely a property of the allometry coefficient, as they are here, they are multiplicative. The multiplicative character of the fluctuations implies that the influence of the random variations is amplified far beyond their additive cousins.
Of course there is another way of incorporating non-additive noise into the AR. These fluctuations arise when the allometry exponent and not the allometry coefficient is assumed to be random, log Y = log a + (b + η) log X (12) which in terms of the original AR is
Here again the influence of the random fluctuations can far exceed those that are additive and even those that are simply multiplicative through its dependence on the size of the host network.
Packard and Boardman [39] maintain that the focus of the research on log-transformed data is to characterize patterns of variation in morphology, physiology and ecology in organisms spanning a broad range in body size in an attempt to identify underlying principles in the design of biological networks. They go on to assert that many of the patterns identified by this research are inaccurate and misleading and these mischaracterizations likely contribute to the ongoing debate about ways in which animals are constructed. They point out that the original motivation for the logtransform was to linearize the equations thought to represent the data and therefore facilitate the implementation of graphical and statistical analysis [41, 48] . However, they go on to show the biasing problems associated with log-transforms using computer generated data sets and caution that with the present day computer software for fitting nonlinear equations linearization is no longer a sufficient rationale for log-transforms. So are there other reasons to transform the data?
Kerkhoff and Enquist [23] strongly disagree with the above conclusions that standard methods for fitting allometry models produce "biased and misleading" results. They point out that most biological phenomena are inherently multiplicative [8, 9] and it is the proportional rather than absolute variation that is important. The multiplicative influence of noise seen in the log-transformed data is often misinterpreted as bias [48, 68] . Kerkhoff and Enquist [23] maintain that the multiplicative error model is an appropriate feature, rather than a defect, of standard allometry analysis. Recent research suggests that geometric error resulting from multiplicative fluctuations should be the default standard for parameter estimation in biology [9, 17] and not additive error. We find a way to resolve this dispute in the next section.
Phenomenological distributions
We now address these question regarding the statistical nature of the fluctuations in the AR models using data from the literature. The data relating average BMR that measures the average energy expended by a given species in watts to the average TBM of that species in kilograms for 391 species of mammal is plotted in Fig. 1 and also in Heusner [20] as well as in Dodds, Rothman and Weitz [6] . The data is fit using Eq. (6) that minimizes the mean-square error is a straight line on double logarithmic graph paper and was found to have slope b = 0.71±0.008 so that empirically 2/3 < b < 3/4 and the allometry coefficient a = 0.02. The nature of the fluctuations around the AR cannot be determined by visual inspection and require some additional analysis as shown below.
Heusner [19] had somewhat earlier questioned Kleiber's value of 3/4 and concluded from data analysis that this value of 3/4 was a statistical artifact. Feldman and McMahon [7] agreed with Heusner's conclusions, but suggested that there was no compelling reason for the intraspecies and interspecies allometric exponents to be the same, with the intraspecies exponent being 2/3 based on geometric similarity and the interspecies exponent being 3/4 based on elastic similarity. Recently Savage et al. [45] obtained the same phenomenological value of b using 626 species where the 95% confidence interval excludes both 3/4 and 2/3. These authors maintain that because of the overwhelming number of small species (477 species with M < 1kg) that this estimate of the allometry exponent is biased. We note that if there is a bias it is one that nature has introduced, so that rather than finding ways to circumvent this abundance of small species we elect to retain it in subsequent analyses. Savage et al. [45] , on the other hand, partition the data into 52 bins of size 0.1 on the logarithmic scale and average the data in each bin. The resulting 52 average data points define a uniform distribution and are fit to a straight line segment with slope b = 0.737 over which the 95% confidence interval includes 3/4 but excludes 2/3. They accept this latter result as support of the allometry exponent of 3/4 over 2/3. However they also point out that there is considerable variation in the data around 3/4, which they attribute to sample size, range of variation in mass, experimental methods and other such procedural sources. Using the data of Peters [41] for biological rates they construct a histogram that is seen to peak at 3/4. However they do not explore the consequences of treating the allometry parameters as stochastic quantities; an oversight we rectify below.
The allometry parameters are fixed by the fit shown in Fig. 1 . However looking at the data points it is clear that there is a great deal of variability around the line segment that gives the interspecies AR model. Therefore it is not unreasonable to interpret these fluctuations as random variations in either the allometry coefficient, the allometry exponent or both. Note that since the AR is empirical we are free to choose the allometry coefficient and exponent as random variables. If we arbitrarily assume the fluctuations to be in the allometry coefficient as in Eq. (11) we can define the scaled allometry coefficient a a
so that each data point in the (B, M )-plane yields a single value of the allometry coefficient. Note that Eq. (14) has been interpreted as the residual variation in B i by Dodds, Rothman and Weitz [6] , and such an interpretation assumes the linear regression models a literal response of B i to fluctuations in M i . However in a complex network such a linear response does not necessarily occur since there can be independent fluctuations in both B i and M i resulting in what Warton et al. [51] call equation error; also known as natural variability, natural variation and intrinsic scatter in which the allometry relation is not predictive but instead summarizes vast amounts of data [67] . This natural variability is manifest in fluctuations in the allometry parameters (a, b). It should be noted that such independent variability has not previously been implemented in the study of allometry.
Heusner [20] considered the allometry coefficient to be the "remaining mystery" for BMR, but few have considered his arguments seriously; most others continue to focus attention on the reductionist modeling of the allometry exponent [64] . The normalized fluctuations in the allometry coefficient with the empirical value of the allometry exponent fixed at b = 0.71 are clearly evident in the data depicted in Fig. 2 determined by Eq. (14) .
West and West [61] calculate the statistical distribution for the random allometry coefficient determined from Eq. (14) under the assumption that b and a are fixed. Dodds, Rothman and Weitz [6] considered these same fluctuations but with b replaced with 2/3 and interpreted them as the residual variations in the metabolic rate. The latter authors concluded from their analysis that the fluctuations in the residuals have a log-normal distribution. West and West [61] , using Eq. (14), find a different distribution that we now discuss. The variability in the allometry coefficient determined by the data in Fig. 2 is depicted in Fig. 3 where these data, using the normalized variable from Eq. (14) , are partitioned into twenty equal sized bins in the logarithm of the allometry coefficient. A histogram is then constructed by counting the number of data points within each of the bins with the number indicated by the dots. The solid line segment in this latter figure is the best fit to these twenty numbers with minimum mean-square error.
The functional form for the histogram of deviations from the interspecies AR was determined by the curve in Fig. 3 [61, 62] and the quality of the fit to the diversity data is determined by the correlation coefficient r 2 = 0.98. The normalized histogram G(ln a ) on the interval (0, ∞) using the transformation G(ln a )d ln a = P (a )da gives the empirical pdf :
and the best fit value of the exponent is α = 2.79. Equation (15) becomes an inverse power-law pdf asymptotically. Using the value of the powerlaw index α = 3.28 yields a standard deviation 0.017 in essentially exact agreement with the empirical data. This latter value of α only changes the quality of the fit to the distribution in Fig. 3 by less than 1% and the difficulty in fitting values of the exponent to data for an inverse power-law distribution is well known [37, 63] . The same inverse power-law form is obtained with α = 3.89 and r = 0.96 using the avian BMR data of McNab [31] for 533 species of bird. The distribution of the deviations from the interspecies AR for both the avian and mammalian data sets fall off as inverse power laws on either side of a = a. Eq. (15) quantifies the qualitative argument used earlier to associate power-law pdf 's with multiplicative fluctuations.
For large values of the variate Eq. (15) becomes an inverse power-law pdf . This asymptotic form is also known as a Pareto distribution and was discussed by Mandelbrot [29] in terms of self-similarity. The difference between the statistics of Gauss and those of Pareto is remarkable, with the former being completely characterized by the mean and variance and the latter having a very extended tail region resulting in the variance and sometimes the mean diverging. The Pareto distribution characterizes data having a great deal of variability and is dominated by fluctuations that would be identified as outliers if viewed from the Gauss perspective. Consequently, the probability that the allometry coefficient exceeds the value A is given by the Pareto distribution
for A >> 1. The interspecies AR describes a trait across multiple species and the Pareto distribution Eq. (16) characterizes the variability of that trait. Therefore the variability in allometry could be interpreted to be a consequence of the intermittent statistical fluctuations in the allometry coefficient. A complementary phenomenological approach that seems equally reasonable mathematically is to assume that the allometry coefficient is constant and the variation in the AR is due to the random nature of the allometry exponent. We write the fluctuations in the allometry exponent as
If we again assume b = 0.71 and a = a = 0.02 then Eq. (17) provides us with the statistical fluctuations in the allometry exponent shown in Fig. 4 .
Figure 4:
The fluctuations around the AR using Heusner's data set [20] and the line segments connect the data points to aid the eye in estimating the variability. Note that this figure depicts the erratic value of the zero-centered allometry exponent η i in Eq. (17) (Reproduced from West and West [61] with permission)
In Fig. 5 these data from Fig. 4 are used to construct a histogram exactly as we did previously. The solid line segment in Fig. 5 is the best fit to the twenty numbers of the histogram with minimum mean-square error. The functional form for the histogram of deviations from the allometry exponent b is determined by the curve in Fig. 5 and the quality of the fit to the histogram is determined by the correlation coefficient r 2 = 0.97. The histogram is fit by the Laplace pdf
with the empirical value β = 12.85.
Note that the distribution characterizing the deviations from the interspecies AR is determined by which allometry parameter we assume is doing the fluctuating. The natural variability of allometry cannot be further reduced in terms of the allometry parameters. 
An inconsistency?
The data used to fit the empirical interspecies AR consist of averages over collections of measurements on individuals and are denoted by B i and M i . As pointed out by West and West [62] the theoretical discussions focus on (B i , M i ) and the data fits use ( B i , M i ). Consequently the empirical AR is given by Eq. (6) and not Eq. (5) . Of course when we examined the data we found that the averages themselves are not deterministic quantities but, in fact, vary substantially, and what variation is due to errors in measurement and what is due to intrinsic nonlinear dynamics is not certain. In any event the logarithmic transformation of Eq. (4) yields Eq. (6), which is the equation being fit by the data and not Eq. (5).
To reconcile the very different descriptions of AR given by the theoretical Eq. (1) 
and when δa/a << 1 Eq. (20) simplifies to the interspecies AR.
It is evident that in order to derive the empirical AR from the theoretical one that the pdf of allometry coefficient fluctuations must be very narrow. The intraspecies AR may well satisfy this condition, see for example, Glazier [11] . However the interspecies AR may not. West and West [62] test this requirement using the Pareto distribution for the interspecies allometry coefficient fluctuations found in the last subsection. It is evident that the condition δa/a << 1 is not satisfied for the allometry variability since δa/a O(1) where the typical size of the fluctuations is estimated by the standard deviation. This observation strongly influences how we interpret the interspecies AR modeling presented in Section 3. Specifically the inability to satisfy this condition implies that the theories developed to 'explain' the (B, M )−AR cannot be entirely correct for interspecies AR. They cannot be entirely correct because the data relating the network size to the property of interest constitute a ( B , M )−AR and no theory has been developed that explicitly relates the averaged metabolic rate to the averaged size.
One of the most extraordinary reductionist theories of the theoretical metabolic AR Eq. (1) is the WBE model [64] . We do not review WBE or other reductionist theories here because they do not address the average metabolic rate in terms of the average TBM. Instead they model allometry in terms of single organisms and concentrate on the nutrient transport properties of single fractal networks. However even with such a restricted viewpoint there has been a hornet's nest of controversy surrounding the underlying assumptions of the WBE model.
Fractional probability calculus
A fractal processes is one that is rich in scales with no one scale being dominant. Thus, information in fractal phenomena is coupled across multiple scales, as for example, observed in the architecture of the mammalian lung [35, 53, 55] , manifest in the long-range correlations in human gait [18, 56] and measured in the human cardiovascular network [40] , all of which are discussed in West [57] . The geometric interpretation of fractals is also given in the fractal nutrient model of allometry developed in WBE [64] . Thus we have both the deterministic and statistical application of fractals to the understanding of multi-scaled phenomena.
The historical 'proofs' of the origin of the ARs were shown in Section 2 to be suspect. It is Eq. (6) that must be theoretically justified and whether arguments supporting that equation can be adapted to support Eq. (5) is questionable even though such reductionist theories are still useful for mechanistic understanding of phenomena. The theoretical efforts to date have not addressed the proper variables in that they focus on the variates and not on their average values. Consequently, we are at the very beginning of developing a theory to explain how ARs originate.
In this section we replace the discussion of the dynamics of the observables and examine pdf 's that can produce the AR given by Eq. (4). To do this requires introducing methods from non-equilibrium statistical physics [25, 42] and their extension to fractional equations.
Fractional diffusion equation (FDE)
There are two major techniques available in statistical physics for the modeling of stochastic phenomena. The first technique uses the dynamic equations Langevin constructed by introducing uncertainty through a random force in the equations of motion. The second technique is based on the phase space evolution of the pdf using the Fokker-Planck equation (FPE). The conditions under which these two methods are equivalent have been shown in a number of places, see, for example, Lindenberg and West [25] .
Consider the dynamics of a complex process that is heterogeneous in the random variable and whose fluctuations in time contain memory. In general P (z, t |z 0 , t 0 )dz is the probability that the dynamic variable Z(t) has a value in the interval (z, z + dz) at time t given a value z 0 at time t = t 0 . The phase space dynamics are formally expressed as
where we have suppressed the dependence of the pdf on the initial state. The analytic function of the indicated operators G(·, ·) determines the dynamics of the pdf . A phase space equation for a classical diffusion process is determined by the choice of operator and inhomogeneous term
for which Eq. (21) reduces to the FPE for the pdf with D the diffusion coefficient. The solution to this FPE is the well-known distribution of Gauss with a variance that increases linearly in time. Correspondingly, as was first discussed by West and Seshadri [54] a symmetric Lévy diffusive process is determined by choosing a fractional diffusion operator
where R θ z denotes a Reisz potential operator in phase space z [24, 54, 66] :
where the normalization is chosen such that the Fourier transform is given by
The wiggle over a function denotes its Fourier transform
The solution to the resulting rate equation in Fourier space yields the symmetric α−stable Lévy pdf for the inverse Fourier transform [54] . Let us consider the more general case where the time derivative is also fractional with index β, that is, a Riemann-Liouville fractional derivative 0 D β t . Therefore we also introduce the Laplace transform
and the hat over the function denotes the Laplace transform
Consequently the phase space dynamics given by Eq. (21) can be expressed as the double transform in Fourier-Laplace space as
and the asterisk denotes the double transform. There is a great deal of latitude in the choice of dynamics expressed by the function G * (k, u). West and West [66] select the inhomogeneous term to be
and a Reisz potential in z of order θ [54] so that Eq. (21) can be written [58] 
and K is a constant. The pdf that solves the phase space FDE is given by the inverse Fourier-Laplace transform of Eq.(31). We note that this representation of the FDE in space and time and its solutions for various combinations of parameters are reviewed by Klafter and Metzler [24] . They also show how to derive FDEs using the continuous time random walk approach (CTRW) of Montroll and Weiss [33] . It is not a simple task to explicitly carry out the inverse transforms for Eq.(31) for arbitrary θ and β, but it has been done by Uchaikin [50] . For our purposes here the desired insight is provided by utilizing the separate scaling properties of Fourier and Laplace transforms to obtain the general inverse without doing the transforms explicitly. However in a more general context the insight provided by these explicit solutions can be extremely useful. Using the inverse Fourier transform f (z) scales as
so that
Similarly, using the inverse Laplace transform g(t) can be shown to scale as
From the scaling of the Fourier and Laplace transforms we conclude that the scaled probability density has the Fourier-Laplace transform
and when compared with Eq. (31) yields the equality
The inverse Fourier-Laplace transform of Eq. (36) is therefore
and the pdf that solves the FDE satisfies the scaling equation
Note that this scaling of the pdf is a realization of the RG relation for the random variable
The function F z (·) in Eq. (38) is left unspecified but it is analytic in the similarity variable z/t μ . A standard diffusion process Z(t) is the displacement of the diffusing particle from its initial position at time t, and for vanishing small dissipation the scaling parameter is μ z = 1/2 and the functional form of F z (·) is a normal distribution. However, for general complex phenomenon there is a broad class of distributions for which the functional form of F z (·) is not Gaussian and the scaling index μ z = 1/2. For example, the α-stable Lévy process [34, 44, 47, 69] scales in this way and the Lévy index is in the range 0 < α ≤ 2, with the equality holding for the Gauss distribution and the scaling index is related to the Lévy index by μ z = 1/α, see West, Geneston and Grigolini [58] and Uchaikin [50] for very different discussions of this scaling.
Entropy balance
The scaling of the pdf has remarkable implications for the entropy of the underlying network. The Gibbs entropy can be defined using the pdf for the variable Z(t) Eq.(38) to obtain
so the deviation from the reference entropy state
integrated with respect to the scaled variable q = z/t μx , increases logarithmically in time t. Huxley assumed the differential growth equations in an organism have the same form with proportional growth rates. Here we adapt this assumption and presume the two parts of an organism share the same class of probability densities that describe their interacting observables. Here t is clock time, the independent variable, and the network measures such as size and function are the dependent variables, the average of a generic scaling observable using the pdf given by Eq. (38) yields
Note that Z = qF z (q)dq is a finite, time-independent constant. Comparing Eqs. (42) and (40) 
with the allometry coefficient given by
and the allometry exponent by
This derivation of the interspecies AR is solely dependent on the scaling properties of the pdf 's. The rate of entropy generation is determined by the time derivative of Eq.(44) for M and B and substituting from the entropy balance equation
Equation (48) is similar in structure to the rate equations of Huxley, however the dynamic variables of individual species members are replaced by averages over an ensemble of individuals. In the present case the allometry exponent is now the ratio of the power-law indices in the pdf s, which from Eq. (48) are seen to be the ratio of growth rates and the allometry coefficient is determined by the scaling functions in the pdf 's. It is the average response or adaptation of the network function to the change in the average size of the host network that is captured by the interspecies AR through the balance of the entropy generated. Moreover it is the scaling in the pdf and not the geometric scaling of fractal networks that is the origin of the interspecies AR. Underlying this derivation is the assumption made earlier that this is an information-dominated network and is consequently driven by information (entropy) gradients and not the energy gradient necessary in the fractal geometry derivation of nutrient transport.
Universality
A number of theoretical studies [3, 65] maintain that living networks have universal scaling laws that are not unlike those in physical networks near phase transitions. The principle of universality asserts that all networks that undergo a phase transition can be grouped into a small number of universality classes determined by their exponents [32] . The AR presumably entails universality because it can be generated by a homogeneous scaling relation [49] . However in the previous section we determined that the allometry coefficient and the allometry exponent are related to one another through Eq. (46) .
We rewrite Eq. (46) in terms of the normalized basal metabolic rate and the total body mass introduced in Section 2 to obtain for the allometry exponent
The set of (B, M )−data points are not uniquely related to a set of (51) The V-shaped functional form of the co-variation of the allometry parameters given by Eq. (51) is the same as that obtained by Glazier [12] who did linear regression on a large number of data sets. The numerical value of the average exponent is essentially the same for the interspecies metabolic allometry exponent for mammals as obtained in the last section and found by Glazier [12] as well. However the coefficient of the logarithm term is different from that empirically found by Glazier. Note that we obtain essentially the same co-variation equation using the avian data of McNab [31] . Equation (51) along with the phenomenological results of Glazier [12] is strong evidence in support of the conclusion that the allometry exponent does not have a universal value.
Conclusion
The statistical analysis of the metabolic data presented herein show that interspecies ARs exist across multiple species and consequently the form of ARs are not solely dependent on species-specific mechanisms. Moreover we have shown there is no universal value for the allometry exponent for three reasons. First there is the variability in the values of the allometry exponent obtained from data analysis in Section 2. Even in the case of metabolic ARs one could reasonably make a case of b = 2/3 for small animals, b = 3/4 for large animal and b = 1 for plants, but no one value of b spans the total range of animal and plant sizes. Second, the only theories that predict a universal value of the allometry exponent do so to explain the intraspecies AR and not the interspecies AR. There is no first principles theory that derives the interspecies AR between the averaged observables. The phenomenological theory presented in Section 3 successfully derives the interspecies AR and treats the allometry coefficient and allometry exponent as empirical parameters determined by the parameters in the pdf 's. Third and last the allometry exponent and coefficient are determined to co-vary using theory [62] and statistical data analysis [12] .
The phenomenological theory of interspecies AR presented herein takes the discussion of AR out of the domain of the reductionist approaches previously used to derive the intraspecies ARs and refocuses it on the statistical properties of the empirical interspecies ARs. The analyses presented herein indicate a new avenue for the study of physiologic ARs, one that systematically includes memory using the fractional probability calculus. This new perspective indicates that the origins of physiologic AR reside in the scaling properties of the pdf 's for nested complex networks.
The arguments in Section 3 imply that interspecies ARs are a consequence of information transfer between complex information-dominated networks. Of course we have not rigorously proven that the entropy decrease (information increase) in the host network size and the increase in entropy (information decrease) in the network function have the relations assumed, this remains to be done. However the empirical relations are consistent with the Principle of Complexity Management in which the transfer of information between two complex information-dominated networks has been shown [2, 58, 59 ] to proceed from the network with the greater information content to the network with the lesser.
From the phenomenological theory of interspecies AR presented herein we conclude that the AR for the basal metabolic rate, and the myriad of other complex phenomena are not completely explained by reductionistic mechanisms. In particular the allometry parameters are determined not to be universal. This conclusion was supported by the demonstration that the allometry exponent and allometry coefficient co-vary. On the other hand, the laws from the theory of probability can have universal forms without having universal parameters, for example the Law of Frequency of Errors and the Law of Large Numbers. The interspecies AR is in part a consequence of the generic statistical behavior of complex networks that depend on the infinitely divisible nature of the pdf [13, 14] . The phenomenological theory of interspecies AR presented herein is the application of the fractional probability calculus to the understanding of the origins of the empirical relations between averages of different parts of a complex network. Consequently an interspecies AR is a manifestation of a law whose origin can be traced back to the fractional probability calculus and the entropic balancing of stochastic mechanisms.
